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A numerical method is presented which allows the calculation of the a.c. response of type II superconductors under 
quasi-static conditions for arbitrary/c (B,x), Ben (B a) and Bex (B a) relations. Flux distributions, induced voltage wave- 
forms, hysteresis loops and a.c. losses have been calculated. Deviations between experimental results and earlier calcu- 
lations with respect o a minimum in the a.c. losses are explained by taking into account he finite thickness of the sample 
and realistic Ben (B a) and Bex (B a) relations. 
1. Introduction 
A generally accepted model for the phenomeno- 
logical description of the behaviour of type II super- 
conductors i the Critical State Model (CSM) [ 1 ]. In 
this model the superconducting bulk currents are des- 
cribed in terms of a critical current density/c" Rever- 
sible surface screening currents can be denoted by a 
Beq (Ba) relation which in the irreversible case is 
replaced by Ben (Ba) for an increasing external field 
B a and by B ex (Ba) in decreasing fields. Under a.c. 
conditions over-critical currents may also occur which 
can be described in the same way as normal currents 
in terms of a flux flow conductivity Off. A more 
detailed escription of this isothermal CSM has been 
given elsewhere [2--4]. In the literature a large num- 
ber of model calculations, mostly concerning a.c. 
losses, has been presented. In many cases these calcu- 
lations have been restricted to simplified models and 
one-dimensional geometries which allow analytical 
solutions. Surprisingly, only a few attempts to solve 
the appropriate equations numerically, have been 
made. Numerical methods allow the calculation of 
flux distributions, induced voltage waveforms, 
hysteresis loops and a.c. losses in many situations. 
The various parameters of the CSM may assume any 
arbitrary dependence on magnetic induction, position 
etc. and also the waveform of the applied magnetic 
field and the geometry of the sample may be varied. 
Although in this case simple models are preferred too, 
due to limitations of computer usage, a numerical 
approach may expand the range in which solutions 
can be obtained, considerably. 
Quasi-static calculations have first been presented 
by Walmsley [5] taking into account several/c (B) 
relations. Irreversible surface currents have been 
neglected but reversible screening currents have been 
included in the model in terms of a local Beq (H) 
relation. Clem [6] has developed a computer program 
which allows the calculation of flux distributions, 
induced voltage waveforms, hysteresis loops and a.c. 
loss values for various pinning models in linearly 
varying a.c. fields. In addition to Walmsley's model, 
surface irreversibilities have been included in terms of 
a Ben (Ba) and a Bex (Ba) relation. Here, however, 
the calculations have been restricted to small depths 
of penetration which means that the influence of the 
finite dimensions of the sample has not been con- 
sidered. Clem's calculations have led to the prediction 
of a minimum of the a.c. losses when a static field B 0 
is superposed on the a.c. field. Although the occur- 
rence of such a minimum has indeed been observed in 
a number of materials [7-9] ,  the experimental 
results do not agree with Clem's calculations on 
various aspects [9]. 
In this paper a further extension of these quasi- 
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static model calculations will be presented in which 
both the finite dimensions of the sample and the 
irreversibilities of the surface currents have been 
included. The consequences of an explicit depen- 
dence of/c on position have also been considered. 
The calculations have been performed for a slab 
geometry. In contrast o the models of Walmsley and 
Clem, a Beq (H) relation will not be used. Instead, an 
alternative formulation of the CSM will be employed 
in which all superconducting bulk currents are incor- 
porated in Jc [4]. The numerical techniques will be 
discussed in section 2. After that some calculated 
induced voltage curves and hysteresis loops will be 
presented in section 3. In section 4 calculated results 
with respect to the minimum in a.c. losses will be 
given and compared with the experimental results 
followed by a discussion in section 5. 
For a comparison of calculated and experimental 
hysteresis loops we refer to a separate publication 
(part II) [10]. The calculations have also been used 
to verify an experimental technique which has been 
proposed by the authors. This technique has been 
presented elsewhere together with the numerical 
verification [3, 4]. 
2. Numerical techniques 
In quasi-static model calculations, the flux diffusion 
equation (in slab geometry) reads: 
aB/ax = +-ta o /c  (B, x) , (1) 
where the sign depends on the position inside the 
sample. The position x t at which the change of sign 
occurs (the flux front) is determined by the value of 
the applied field B a and the value of B a at which the 
variation of the external field started. (1) can be 
solved for any B a value at every position in a one- 
dimensional, equidistant array of x-values. For 
numerical convenience, the values ofB a (t) have been 
chosen in such a way that the flux front x t always 
coincides with the points of this grid. This choice 
implies a non-equidistant B a array. 
The numerical calculations may be reduced 
considerably when the critical current density is 
assumed to depend on magnetic induction only. In 
this case all flux distributions may be derived from a 
universal flux profile function Bun (x'): 
g t 
Bun (x') = ~o ~ /~ (a(x)) dx . 
o 
(2) 
This method has previously been used by Walmsley 
[5]. Solutions for arbitrary boundary-conditions can 
be obtained by shifting the slab along this universal 
curve until the value at the surface satisfies the boun- 
dary condition. As a consequence of the symmetry of 
the flux distribution with respect o the flux front, 
both branches of the flux profile can be determined 
from the same Bun curve. A problem may arise when 
the external field is swept around zero. However, due 
to the definition of Bun (see eq. (2)) the zero-crossing 
of the flux distribution also coincides with the points 
of the x-array and the anti-symmetry of the flux 
profile function with respect o B = 0 can be used to 
avoid extra calculation. In fig. 1 some calculated flux 
distributions in an applied a.c. field of amplitude b0 
superposed on a static field B 0 are shown. The shape 
of the flux distribution is independent of the wave- 
form of the applied field. Also the presence of sur- 
face screening currents leaves the prof'des unaffected; 
these currents only influence the value of the external 
field at which the flux distribution occurs. 
The values of the average induction Bay inside the 
sample can be derived from a second universal curve: 
the total flux function ~un (x') which is the primitive 
function of Bun (x'). With the help of the Bay values, 
the hysteresis loop and the a.c. loss per cycle can be 
calculated. It may be noted that under quasi-static 
conditions the shape of the hysteresis loop is indepen- 
dent of the applied field waveform. The time depen- 
dence of the applied field only affects the induced 
voltage waveform which can be obtained by dif- 
ferentiation of the average induction with respect to 
time. In this paper only linear variations ofB a (t) will 
be considered in accordance with the trapezoidal 
waveform in the experiments. 
When an explicit position dependence of/c is 
included in the model, the universal function method 
cannot be used any longer. In this case both the flux 
distribution and the average induction have to be 
calculated for each individual B a value by numerical 
integration of eq. (1). The results obtained in this 
way indicate that no substantial deviations follow 
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Fig. 1. Calculated flux density distributions during the 
increasing half of the a.c. field (B 0 = 0 mT;b 0 = 150 mT) for 
a slab with thickness 2d = 0.30 mm. The critical current 
density/e depends on B according to eq. (3); (/c (0) = 0.637 
X 106 A cm-2;B 1 = 10 mT; no surface currents). 
from an inclusion of an explicit/c (x) relation, when 
the x-dependence is restricted to a narrow layer near 
the surface, the response strongly resembles the effect 
of surface screening. Otherwise, the results are 
analogous to those obtained in the case of uniform 
bulk pinning. For this reason o calculations involving 
a position dependent /c will be presented here. 
3. Induced voltage waveforms and hysteresis loops 
Numerical calculations have be6n performed on a 
slab of thickness 2d = 0.30 mm, in accordance with 
the thickness of the flabs used in the experiments. 
A Kim-like relation [ 11 ] has been used for the B- 
dependence of/e: 
/c (B)=/¢ (O)/(l + IBI/BI). 
The parameters /e (0) and B 1 have been chosen in 
(3) 
agreement with the values obtained from experiments 
on a Nb-50%Ti slab [10]. The influence of the 
variation of these parameters has also been studied. 
In the case of eq. (3) the two universal functions Bun 
and q~un can be integrated analytically. 
In fig. 2 some calculated induced voltage wave- 
forms for a slab without surface screening currents in 
a linearly increasing magnetic field and various values 
of the static field B 0 have been shown. The E-values 
have been normalized with ad, the value of E for a 
non-magnetic non-conducting material (a = dBa/dt ). 
When the external field B a is raised from a very low 
value, the envelope curve decreases from its original 
value 1 and goes through a minimum in the vicinity 
o rB  a = 0. After that a sharp increase can be observed 
leading to a maximum and subsequently a decay to 
E/c~l = 1 for high positive fields. A similar behaviour 
has been observed in the case of a normal metal with 
a B-dependent conductivity [4, 12]. This behaviour 
can be understood in terms of a simple qualitative 
model. When-a type lI superconductor with a/c 
linear in B, i.e. 
Jc (B) =/0 (1 + 13B), (4) 
is placed in a linearly increasing magnetic field, a 
simple analytical calculation leads to the following 
expression for the envelope curve: 
E/,~a = y (1 - e - : )  = I - ~ ' ,  (s) 
where [3' = ~0 /0 [3d = #0 d B/JOB; In the high field 
2.0 
1.0 
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Fig. 2. Induced voltage waveforms for various values of the 
static field 8 0 (see fig. 1); no surface currents. 
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region the first order Taylor expansion shown in eq. 
(4) is a good approximation of the Kim relation (3). 
In the derivation of eq. (5) the property that at the 
envelope curve the flux front has already reached the 
centre plane, has been used. The approximation i
eq. (5) is only valid for small values of/3'. It can be 
seen from eq. (5) that for positive values of O/JOB, 
the value of E/od is smaller than 1 and vice versa. The 
sharp increase of the envelope curve in the vicinity of 
B a = 0 can be explained by a change of sign of O/JOB. 
It can be understood from the model that the peak in 
E shifts to the left when the critical current density 
(i.e./c (0)) is decreased. In this case the average in- 
duction Bay goes to zero at a higher value ofB a. A 
decrease of the constant B 1 results in a higher value 
of O/JOB and therefore in a sharper peak. Both 
points have been confirmed by the numerical calcu- 
lations. Although the shape of the envelope curve can 
be understood qualitatively from the arguments given 
above, it is not possible to determine the/c (B) 
relation directly from the envelope curve. This is a 
consequence of the variation of/c inside the sample 
leading to a complex relationship between/c and 
the envelope curve. As expected the individual 
E/ad curves have a sharp edge when they reach the 
envelope curve. 
The inclusion of surface screening currents in the 
model in terms of Ben (Ba) and a Bex (Ba) relation 
does not affect the shape of the flux distribution but 
only the external field at which this distribution 
occurs. The surface screening currents have been 
assumed to depend on B a in the following way: 
Ben (Ba) = Bc2 ,~.B2 _ B 2) Bs •B a <Bc2 
V~ c 2 (6 )  
Ben (Ba) = 0; 0 ~<B a~<Bs; 
Be x (Ba) = Ba " (7) 
Eq. (6) is a variation of the theoretical result of Clem 
[13] for a high K superconductor which also takes 
the value of the second critical field into account. Bs 
is the superheating field. The calculations have resulted 
in induced voltage waveforms with a zero value of E 
in the interval 0 ~< B a ~< B s. This corresponds to an 
interval with constant average induction in the 
hysteresis loops. This interval is not shown in fig. 3 
where the values of the E-curves at B a = 0 and B a = B s 
have been connected by straight lines. This arbitrary 
connection function (a consequence of the graphical 
computer technique) has not been replaced by an 
interval with E = 0 because such an interval has never 
been observed experimentally. This may be attributed 
to inhomogeneous surface screening [14]. Some 
examples of calculated induced voltage waveforms 
and hysteresis loops are shown in figs. 3 and 4. A 
2D 
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Fig. 3. Induced voltage waveforms for various values of the 
static field B0; surface screening currents have been included 
according to eqs. (6) and (7). In the region 0 < B a < B s an 
arbitrary connection function has been used (b 0 = ! 50 roT; 
/c (0) = 0.127 X l06 A cm-2;Bl = 50 mT;B s = 30 roT). 
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Fig. 4. Hysteresis loops for various values of the static field 
B o (see fig. 3). 
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remarkable f ature of the induced voltage waveforms 
is the occurrence of a double peak in the envelope 
curve; one peak is related to bulk currents, the other 
to surface currents. 
In this paper only calculations involving the theo- 
retical Ben (Ba) and Bex (Ba) relations (6) and (7) are 
presented. The results from calculations with experi- 
mental Ben and Bex curves will be presented in part II 
with the experimental induced voltage waveforms. 
Only some results concerning the minimum in a.c. 
losses will be presented in section 4. 
4. A minimum in a.c. losses 
4.1. Experimental situation 
Numerical calculations by Clem [6] have led to 
the conclusion that the a.c. losses in type II super- 
conductors may exhibit a minimum when a d.c. mag- 
netic field B 0 is superposed to an a.c. field with 
amplitude b0. The occurrence of such a minimum can 
be explained qualitatively by the CSM provided that a 
magnetic field dependence of the critical current 
density ]c and/or Ben and Bex is taken into account. 
Clem's calculations predict a minimum at an external 
field Bmi n = b 0 - Ben (0) with b 0 > Ben (0) when 
the B-dependence of the critical entry field is con- 
~2 sidered and a minimum at Bmin ~ ~ b 0 in the case of 
]c (B) according to eq. (3). 
Recent experiments have shown the existence of 
such a minimum in various materials uch as Nb3Ge 
[7], Nb-10%Mo [8] and Nb-50%Ti [91. The results 
for the two latter materials have been summarized in
fig. 5 where the external field Bmin at which the 
minimum occurs has been plotted vs. b 0. Two 
deviations with respect o Clem's predictions can be 
observed [9]. 
(1) The slopes of the straight lines which can be 
drawn through the experimental points are not in 
agreement with the values 1 and -] calculated by 
Clem. Only at large amplitudes (b 0 > 45 mT) do the 
results for Nb-50%Ti fit the theoretical result 
reasonably in the case of a Kim relation for ]c (B) 
(the slope n = 0.69). The slope at smaller amplitudes 
(n = 0.86) suggests a combination of surface and bulk 
currents. A similar esult has been observed in Nb3 Ge: 
Bmi n = 0.92 b 0 - 81.4 mT [7]. for Nb-10%Mo a 
slope n = 1.40 has been observed. 
4O 
Emr] 
30 
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bo [~'r] 
Fig. 5. The static field at which the minimum in a.c. losses 
occurs as a function of amplitude for Nb-50%Ti and 
Nb-10%Mo (experimental). 
(2) According to Clem the lines through the experi- 
mental points should cross the line Bmin = 0 at an 
amplitude h0 equal to the field of first penetration 
B s. However, for Nb-50%Ti this value of b 0 
(b 0 ~ 23 mT) is larger than the one measured irectly 
by looking at the induced voltage waveform (b 0 
= 14 mT). Even at amplitudes slightly exceeding the 
point of intersection Bmi n is still zero as can be seen 
in fig. 5 for both Nb-50%Ti and Nb-10%Mo. The 
same feature can be observed in the results presented 
by Thompson et al. [7] for Nb3Ge where Bmi n = 0 
at an amplitude b0 = 125 mT while the point of inter- 
section lies at b 0 = 88.5 mT. 
These deviations may possibly be avoided by 
making some additions to Gem's model. In the first 
place the influence of the finite thickness of the slab 
will be taken into account. Secondly both bulk and 
surface currents will be considered. Finally the 
influence of more realistic Ben (Ba) and Bex (Ba) 
relations will be studied. 
4.2. Finite thickness of  the slab 
In order to study the influence of the finite thick- 
ness of the sample, model calculations have been per- 
formed for a large number of amplitudes and static 
fields. The a.c. losses have been calculated in the case 
of bulk currents only. The critical current density ]c 
is given by relation (3): ]c (0) and B 1 have been taken 
in reasonable agreement with the experimental values 
for Nb-50%Ti [ 10]. In fig. 6 the a.c. losses have 
been plotted vs. B 0 for a large number of amplitudes. 
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Fig. 6. Calculated a.c. losses as a function of static field for 
various amplitudes (b0 = 32, 36, 40, 45 . . . . .  step 5 . . . . .  
100 mT) with bulk currents only (Je (0) = 0.127 X 106 A 
cm-2;Bl = 50 mT). 
It can be seen that a minimum occurs for every ampli- 
tude. The shape of the curves in the vicinity of the 
minimum is very smooth. The position of the mini- 
mum has been plotted vs. b 0 in fig. 7. At small ampli- 
tudes the results agree with Clem's calculations: 
_2  Bmi n - ~ b 0. However, when the flux front reaches 
the central plane of the slab during the a.c. cycle even 
at B 0 = 0, this relation is no longer valid. In the case 
presented here, a slope n = 1.2 is found; other calcu- 
lations have shown that in this part of the curve the 
slope depends on the parameters/c (0) and B 1 . These 
results how that slopes n > 1 may be explained by 
taking into account he finite thickness of the sample. 
This influence may be understood from the fact that 
the a.c. losses at large amplitudes are smaller in a 
finite slab than in a semi-in£mite space~ From the 
foregoing it may be concluded that the slope n = 1.4 
observed for Nb-10%Mo is a consequence of the 
influence of the finite dimensions of the sample; the 
occurrence of this slope immediately after appearance 
of a minimum may be attributed to the very small 
value of/c in this sample. It has not been possible to 
[rnT] 
1,~0 
1OO 
Brain 
I 
5O 1OO 
bo 
0 I I 
0 150 2OO 
[mr] 
Fig. 7. The static field at which the minimum occurs as a 
function of amplitude without surface currents (n = 0.67 
and n = 1.2; see fig. 6) and with surface currents (n = 1 ; see 
fig. 8). 
verify this result by experiments on Nb-50%Ti due 
to the large amplitude needed for these measure- 
ments. 
4.3. Contn'bution o f  bulk and surface currents 
A plot of the a.c. losses vs. B 0 in the case where 
surface currents are taken into account as well, is 
given in fig. 8. In these calculations the relations (6) 
and (7) have been assumed to describe the surface 
screening currents. The bulk currents have not been 
altered compared with fig. 6. For small amplitudes 
the a.c. losses are much smaller than in the ease with 
bulk currents only. In the plot of Bmin vs. B 0 (see 
fig. 7) a straight line with slope n = 1 is obtained 
which is in agreement with Clem's remit; no variations 
of the slope have been observed when the central 
plane of the slab has been reached. The point of  inter- 
section with the line Bmin = 0 is given by B s, the field 
of first penetration. As can be seen from fig. 8 the 
shape of the minimum due to surface currents is very 
sharp in contrast o the smooth minimum due to 
bulk currents. When both surface and bulk currents 
are present, the minimum related to the surface 
currents dominates in the low field region because 
these currents depend much more strongly on B than 
the critical current density in this field range. 
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Fig. 8. Calculated a.c. losses as a function of  static field for 
various amplitudes (b o = 32, 36, 40, 45 . . . . .  step 5 . . . . .  95, 
100, 110, 120 mT) with bulk and surface currents (/c (0) 
= 0.127 X 106 A cm-2 ;B l  = 50 mT;B  s = 30 mT).  
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Fig. 9. Calculated a.c. losses vs. static field curves exhibiting a
double min imum (]e (0) = 0.637 X 106 A cm-2 ;B l  
= 10 mT;B  s = 5 mT) for various amplitudes (b 0 = 25, 30, 32, 
35 ,40  mT). 
A very interesting case arises when both contri- 
butions are comparable. In this case two minima can 
be distinguished: a sharp and a smooth one, related to 
surface and bulk currents respectively. Some results 
obtained in this case have been plotted in fig. 9. The 
positions of these two minima depend in their own 
characteristic way on b 0. 
4.4. Experimental relations for Ben (Ba) and Bex (Ba) 
In the preceding subsection the influence on the 
a.c. losses of surface screening currents described by 
the theoretical Ben (Ba) and Bex (Ba) relations (6) 
and (7) has been studied. Experiments, however, have 
shown that these theoretical relations do not describe 
the behaviour of the Nb-50%Ti slab properly. In the 
following some experimental Ben and Bex curves will 
be introduced in the calculations. These curves have 
been determined with the help of trapezoidal .c. 
fields [3,4] ; the currents are in good agreement 
with results obtained with other techniques [3, 4, 10, 
14]. The deviations between the experimental nd 
theoretical curves can be characterized asfollows: 
(1) the Bex (Ba) curve cannot be described by eq. 
(7) but has approximately the same functional 
dependence on B a as Ben ; 
(2) both Ben (Ba) and Bex (Ba) vary continuously, 
i.e. there is no interval during which Ben or Bex 
remains constant. This may be attributed to inhomo- 
geneous urface screening [14]. 
The Ben and Bex curves have been introduced in the 
computer program in the form of two arrays of 
experimental values; intermediate points have been 
determined by means of numerical interpolation. The 
critical current density has again be assumed to have a 
Kim-like dependence on magnetic induction. 
A plot of the a.c. losses vs. static field has been 
given in fig. 10 for various amplitudes. Due to the 
smooth variation of the surface screening currents, no 
sharp minimum can be observed. The position of the 
minimum has been plotted vs. b 0 in fig. 1 I. This 
figure shows a remarkable r semblance with the 
experimental results for the same sample (see fig. 7). 
The points of agreement may be summarized as: 
(1) for high amplitudes the slope in the Bmi n vs. 
b 0 curve is n = -] which may be attributed to bulk 
currents. For smaller amplitudes a transition to a 
higher slope (n = 1) can be observed. This value, 
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Fig. 10. Calculated a.c. losses as a function of static field in 
the case of realistic Ben (B a) and Bex (Ba) relations for 
various amplitudes (b0 = 23, 24, 25, 26, 27, 30, 35, 40 mT; 
/e (0) = 0.212 × 106 A cm-2;Bo = 130 mT). 
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Fig. 11. The static field at which the minimum occurs as a 
function of b 0 in the case of realistic Ben (Bn) and Bex (Ba) 
relations (see fig. 10). 
however, differs from the experimental value n = 0.86. 
(2) the straight line with slope n = 1 crosses the 
axis Bmin = 0 at b 0 = 25 roT. This value, which is in 
agreement with the experimental value, is much larger 
than the amplitude of first penetration (b0 = 14 mT). 
(3) also for amplitudes slightly exceeding b 0 
= 25 mT, the minimum occurs at B 0 = 0 mT. 
It may be concluded from the foregoing that the 
calculated results involving Ben (Ba) and Bex (Ba) 
curves determined from experiments agree excellently 
with experimental results on a.c. losses. Only one devia- 
tion can be observed: the slopes in the low amplitude 
region have different values. A possible explanation 
for this deviation is that the actual ]c (B) relation does 
not fully obey relation (3). 
5. Conclusions 
In this paper a numerical technique has been 
presented which allows the calculation of flux distri- 
butions, induced voltage waveforms, hysteresis 
loops and a.c. losses under quasi-static conditions for 
arbitrary/c (B,x) ,  Ben (Ba) and Bex (Ba) relations. In 
addition to earlier publications [5, 6] both the finite 
thickness of the sample and the influence of both 
surface and bulk currents have been taken into 
account. Experimental Ben and Bex curves have also 
been included. The calculations are based on the 
Critical State Model. Some calculated induced voltage 
waveforms and hysteresis loops have been presented; 
a comparison with experimental results will be given 
in part II [10]. 
The calculated a.c. losses exhibit a minimum when 
a static field B 0 is superposed on the a.c. field. It has 
been found that most of the deviations between 
experimental values and calculated results presented 
earlier [6], can be explained by taking into account 
the Finite thickness of the slab and experimental 
Ben (Ba) and Bex (Ba) relation. The excellent agree- 
ment in the occurrence of the minima which has been 
obtained with experimental Ben and Bex curves, is an 
indication for the correctness of these curves. The 
influence of a position dependent/c on the a.c. losses 
has been found to be of minor importance. 
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